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STATE OF THERMAL STRESS AND STRAIN OF A PLATE WEAKENED
BY A RECTANGULAR HOLE"

I.I. VERBA and YU.M. KOLYANO

By using the method of continuation of functions a solution is obtained
for the stationary heat conduction problem and for the corresponding
static problem of thermo-elasticity for an infinite plate weakened by a
rectangular hole.

1. Solution of the heat conduction problem. Let us consider a homogeneous isotropic
unbounded plate of thickness 20 with a rectangular cutout |z; | < a; i = 1, 2). Heat transfer
from the external medium occurs by Newton's law through the surface of the cutout and the side
surfaces 3= 3 6. We ensure the temperature of the medium flowing over the surfaces z; = =+
8 to be zero, while the temperature of the medium flowing over the plate rectangular boundary
is t,. We then have the third boundary value problem for the Helmholtz equation in the domain
external to the rectangle /1/ to determine the stationary temperature field T in the plate.

We use the method of continuation of functions /2/ to solve this problem. To do this we
introduce a new unknown function € that agrees with the desired function of the temperature
T outside the rectangle and equals zero within, i.e.,

0 =TM (z, 2,) 1.1)
M (2, 7)) =1~ M (x)) M (z3), M (z;) =38, (2 + a)) —
S. (z: — a;)
1, E>0
Si(§)=!0,5-‘}:0,5, =0
Lo, <0

Taking account of the symmetry of the problem relative to the coordinate axes and the
boundary conditions on the rectangle contour, we obtain an equation with singular coefficients
for the function

2
Tar + g 0= 3 e (T oy — 1) M (1) % -2
=
16, (=1 + @) + 8_(zi — ai)] — T |ejma, M (Ti) ¥
18, (x5 + a5) — 8 (2 — a))]}

h;=%a K’=%, iii:

(M is the thermal conductivity,a; and @; (i =1, 2) are heat transfer coefficients from the
surfaces &3 = 46, and |2 | <@y | Zixy | = ai11)-

The values of the function T on the rectangle contour that are in (1.2) are expanded in
a Fourier series
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T frjma, M (i) = 3 ¢ cos ATV, M (2i41) (1.3)
n=0
. ik
V= —jﬂ 5 T |s;=a, cOS A dey (1.4)
it1 it
an "y
W=, s(n)_—:{iy i

In order to ensure continuity of the solution at an angular point, we assume that the
Fourier coefficients ¢, satisfy the relationship

é (=) = éﬂ(— " e (1.5)

Substituting expansion (1.3) into (1.2) and then using the Fourier integral transform in
the coordinates, we obtain a solution of (1.2)

! Z S {;( 1) ¢ Dagag (N, Tizas AGED) [—h;— B (v @) + (1.6)

1 0
V4™ (0 29) |tk L Py (0, 2k, O) 0¥ (1 2)
Yt M, z;) =exp{(— |z +a l,m)£exp(— [z —aln)
Bt (1, &;) = exp (— [ & + a; [, M) signy (x; + a;) =+
exp (— | z; — a; | ) sign_ (z; — a)

@y cos z; sin ne;
Peysa (M T An’) = T

signg z = 254 (2) — 1, |z |x= zsignyr, y= Vo2 + nd

The unknown Fourier coefficients ¢, in the solution (1.6) are found from the following
system of linear algebraic equations by using (1.4)

C(I) 2 A(z 1) (1) D(I) (L=1 2; k——-O 1,. ) (1'7)

DY = E AGHEISED 4 BO fE () =1 4= exp (— 2ain)

n==0

i, 4e (k ¢ - i i
A = 28 (0 G490, 400, ) [exp (= 2000) + 55 £ ()] dn
0
‘4)((21':!:1):(_ fyneki S2k) he (k) S N (g, +9)

@)
aves 71 + (g0 Prota (0 86 b ) o (V) 4

(—1¥ BigqM

n [yt + (A E))

i k v
BY =21, =L f” 5{ £ (0, M, m) i () +
[

(— 1)"*¥ sin? qa;
(1 — (AD)R) (2 3= (A)9)

sin 2ainff i1 (v)} dn, g£ (09,09, )=

The coefficients Ax,"? of system (1.7) equal the scalar product of elements of a linearly
independent system of functions in the space L, (0, o)

n

2(—1)" msiong
el e [ew -2+ ] 0 =0, (18
it1 —\n

Therefore, the third boundary value problem for the Helmholtz equation in an external
domain to a rectangle is reduced to the solution of an infinite system of linear algebraic
equations.

2. Foundation of the method of reduction of the solution of system (1.7):
We shall seek the solution of system (1.7) that is convergent in the norm of the space I, i.e.,

kgolcff"lz Lo (i=1,2) @1

The estimates /3, 4/
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2 AR < e, kiw%é’]%oo (=12 @2)

=0

hold for the coefficients of system (l.7).
We consider the first 2m equations of system (1.7) with 2m unknowns

. "I—l PR N s
4 S AGID =D (=12 k=0,1,....m—1) @3
n=0
m—1
DI =S| Al GED | po)
n=0

System (2.3) has a unique solution. -
Indeed, since the coefficients 4¢,” equal the scalar product of elements of a linearly

independent system of functions, the determinant of system (2.3) can be represented as the
sum of one and Gramm determinants from the first to m-th order. Since the system of functions
(1.8) is linearly independent, the determinant is positive for arbitrary m.
If the equations of system (2.3) for k=0 are multiplied by 2, the matrix of the co-
efficients for the cw of this system become symmetric. 1In addition it is positive-definite.
It follows from the above that the theory of the solvability of infinite systems /5/ is
applicable to system (1.7), from which this assertion follows: system (1.7) has a unique
solution satisfying condition (2.1). The approximate solution of system (1.7) can be found
by the method of reduction.

3. Solution of the thermo-elasticity problem. wWewilldetermine the temperature
stresses in a plate due to the temperature field (1.6). The equilibrium equations in dis-
placements for an isotropic plate have the form /1/

1—w ? du, Oty aT .
14+ Aui + dx; ( ar; 61‘.11 ) —Za, F;: (I'_ 1’2) (31)
where v is Poisson's ratio, a; is the temperature coefficient of linear expansion, and A is
the Laplace operator.
We assume that the plate is free of external load, i.e.,

i xy=a, = Oga ey=30, =0, | it | @it (3.2)

The stress tensor components 0;; are connected with the displacement vector components
(43, 43) by the Duhamel-Neumann relationships /1/.
As in solving heat conduction problems we similarly introduce new unknown functions

Uy=uM (2, 2), Qiy=oyM (r,2) (,j=1,2) (3.3)
Taking into account the symmetry of the problem relative to the coordinate axes and the

boundary conditions on the contour of the rectangle (3.2), we obtain a system of differential
equations containing delta-functions and their derivatives for U,

2 BU; (. U, U,

_— 1 itl
T+v o Ty G, Fedn, — 20 — (3.9
1—w Bu-i
1w ﬁ <=, Mz, I8, (i + a;) —8_(z; — ay)] +
2 6u.i
T+~ s ;1 - i1=ai¢1M (@) [6, (zima+aigr) + 8_(Tip1—aipa)] +

2
T~ Uy lxi=‘1i M (Iiil) [6+I (Ii + ai) + 6-’ ($i - ai)] -

T s e ymaig M () 18 (zisa + i) — 8 (Zia — @] +

Uit lnmay, [0, (Zexy + @izn) + 8_ (Tigs — @ig)] X
Ky=03
16, (zi+a) — 8 (zi—a)] (=1.2)

The values of the functions u; on the plate rectangular boundaries that are in system
(3.4) are expanded in a Fourier series

0
i - (i1 (i%1) nn
u; |xi=ai= E TS') cos Agi )Ii:th An =—“i_3;

n=0
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i min 0,5
Ui fy gy =aign = E 19 cospP;, )= 2 t0 ;" B

R k3

Substituting the expansions into system (3.4), and using the Fourier transform in the
coordinates, we obtain the following expressions for the functions £;;(,j=1,2, and E is
the elastic modulus)

E " n (i ? i
Q4 == %‘; <2 (=" \ Pe,s, (M Zit1s AE) n? x {3.5)
n=0 o
(00 () — 957 (2] + s[5 (1,2 — " (v, ) | dn—

PG S MPeys, (0 @ 25 (2™ (1, 2ie0) —
n=n{

b (1: Ziw) + hw [y (M, zigr) — v° (0 ia) )} A+
te S {hmzpcxsa (), Ziz1, 0) [—} BT (v @) — W Ii)] +

9
Riganpe s, (M 23, 0) [nby* (0, Zia) — Vit (v xiil)]} dn> +

.
AN 7 (@i s 70 i)
=0

-]
o {i i i1
Dn (CxSar Tio Ay s Tin)] + Z (— 1" (Din (eaSer Tign, M 20+

n=90

mzln (Cocs‘av xl'j:lﬂ ( * }7 Z; )] + 2( 1) t(z) 2(1);27! (cxsav Ty P-Srf)a zi:tl) -

(D;;m (CxSay Tiy }1%), xiil)] -+ 2 ("— 1)" tffi”d)a‘m (C:Sa, Zitis Hﬂil), .’t,)}

n=g

Qn:"%g;(” i}n<2 Z { mgp’ s (M Zigrs (i‘))"lz X

(10 (20 = T (320 — A2 =¥ 20) dn} —
IO (550> Tirs »m ), 2) + 185 (O (500 @10, EFY, 29) —
251, (8xCas Tit1r P'Wl s 1:)]>
sin nag sinnz;
ne— (AP

(Dlj;:ml (sta» Ty }vg)s xi:&;x) = ’\ ﬂzpsxsg (1]‘ ores }"'51‘)) wm:t (ﬂ, wiil) d‘”l
i

psxsa (T]’ i 7“i'i)) =

Y&, 23) =] z; + a;], exp {— Jzi -+ as], ) o=
| — ai|_exp (—|z;—~a;|_M)

Yo (2 ={z: + ajexp(— |z +ai L) &
(xi—a)exp (— |2y —ail.m)

We find the Fourier coefficients %,) and ¥ in the solution of the thermo-elasticity
problem from the infinite system of linear algebraic equations

(t) + 2 R(b B (t) 2 (R(‘ iE1) (*i1)+N{% i)t(l} + (3.6)
NG ‘*”tﬁ;‘*"} A
e 0 . o, .
) + 3 60 = 3 (@R + TH +
=0 R
T&iil)rg;tl) + VP

F = 3 (D -+ DGO + B

V(i) 2 (Q(l 1) (1) £+ Q(1 l:tl)) + Z(l)
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i1 2Eq, ¢ G i

D= o ® (k)Sn*g,, (o2, M0, m) (0 (1) — A2 5 (9) + B, s ()]
i1 2E - i i

D™ = — o—5 e(k)S g™ (0 A, ML+ Biga) f, 10 (0, M) —

(hizs + ) s, i (7 $E9)] dn

(i i) S(k) - # i ’
RS Sg (AR, A8, ) 2 [(1 + V) am + 1] X exp (— 2agm)dn

G i£1) (k) () 4 Git1) ;
B 2 ,ﬂSM A MR A+ ) £y D) — (1~ ) 5 i ()] dm

k) i
NP =2 8(:!:1 S g, S, A8 ) (2f i () +
1

(1 +v) fa(n, M:*")} dn

N0 2 2 Sn“‘g S EED A, ) [(1— V) fym () —
2(1 + v)amexp (— 2am)] dn
28 .
HY ==L e()t, S (rages™ (622, 0,m) i () +

(— 1) &; 4y 8in® M@ [fs (1 MED) — f3 (v, EE)) 1y dy

.. 2F 5 i i
QY =— ) Sngc (ASE,0,m) [0 + 7 fs (0, 1) + (7 + Ba) s (v, )] 0

[]

1,4 2Fa, ¢ i f+i f+i
Qi = _Zix_; S g (M), pf, ) [fz, iz (M) + hin (—l—nﬂ - _L_YLY_))] dn
[

i, 2 ¢ i ( i
760 = — - e 422,00, m 27 () + (L 49 fu (D))
0

i, 4 4 ¢ - i 1
Ts:"'lil) = _"i— S nzgec (A'S‘)i p'}: )7 TI) [2 (1 + ‘V) Qi —
o

(L 4+ V) 121 (M) dy

G = —:‘: S 02, (1, 19, W) (1 + (1 4v) aigam) exp (—2a:40m) dy
0

(i, 1 2 K 4 i —

T ﬂ)=TfS Wt (WSED, ) (1 — ) s () +
0

(1 4 v) fo (1)1 dn

; sin 2ve; i i
B=——2t, S{<~ 4%y L g ) — s 0w

2hianes” O, ) [ s ) — L1 13a(0) [}

i i (m)
s () = exp (= Zaim) — exp (= 2a7). fy (0. M) =
; — ;‘(i))a
fon 1Y) = T—Ch ) — 2a0n exp (— 2000
k

Estimates analogous to the estimates (2.2), obtained for system (1.7), hold for co-
efficients of system (3.6). System (3.6) has a solution convergent in the norm of the space
The approximate solution can be obtained by the method of reduction.

4. Behaviour of the solution of an angular point. we note that the solution of
the thermo-elasticity problem (3.5) can be obtained in a different form if the convolution
theorem for the Fourier transform is used. For instance, the integral

¢ ? sin ya; cos
j e G (1% — aa ] — 1) exp (= |25 — as]_) d
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is written, apart from a constant factor, in the form
€ty
* —_— )2 _ — ‘ — g N
\ cos MLD«U B (x = 21)? {72 - @) —~ (23 — ag)! — (z — my)* dz (51)

(o — 212+ (22 — as)?)#

D
—ay

Integrating (4.1) twice by parts, a power-law singularity canbe extracted that occurs at
the angular point (a,, ;) in the form

(11— @) [(#1 — a1)® - (22 — a)?]

[{(z1 — @1)% + (z2 — az)?]2

Analogous power-law singularities are obtained at angular points when investigating the
other components in the expression for ;.

A\ 5. Results of numerical investigations. Formally
4 setting o fe = Gt =4q¢, ¢y =, =0 in (1.6) and (3.5), we will obtain
7 the solution of the stationary heat conduction problem and the
corresponding static thermo-elasticity problem for a plate with a
rectangular cutout on whose boundaries the heat flux ¢, is given.
_—’—’,/' For this case the dimensionless temperature field 0= TA/¢0 was
computed as a function of X,=z,/8 for 4;=ay8=10, 4,= a,/d= 20,
2 Bi = a6/ = 0.1and different X, =4,/6. A 20x20 and 40 x40
a5 N matrix of the truncated system was formed in solving system
\\ (1.7) by the method of reduction. Results of the calculations are

14

practically identical. The results of the temperature field com-
putations are represented as graphs in the figure for X, = 10; 11.25,
======== 12.5 (curves 1, 2, 3, respectively). It follows from the graphs

0 20 X, that the maximum value of the temperature is achieved at the angular
point. The temperature is equalized with distance from the boundary.
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ACTION OF A UNIFORMLY VARIABLE MOVING FORCE ON A TIMOSHENKO BEAM
ON AN ELASTIC FOUNDATION., TRANSITIONS THROUGH THE CRITICAL VELOCITIES

YU.D. KAPLUNOV and G.B. MURAVSKII

The vibrations of an infinite Timoshenko-type beam on an elastic foundation
subjected to a force whose point of application moves over the beam with
constant acceleration are considered. Resonance effects associated with
the transition of the velocity of motion of the load through three critical
values characteristic for the system being considered are studied.
Asymptotic representations are constructed for the solution of the problem
corresponding to the load acceleration approaching zero.
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